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Global Minimum Cut

Global Cut: Given an undirected graph 𝐺 = (𝑉, 𝐸), a cut is a 
partition of vertices into two disjoint subsets. The size of the cut 
is the number edges that cross the cut (i.e., the number of edges 
with an endpoint in each set).
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Contraction Algorithm

1. Randomly select edge 𝑒 = (𝑢, 𝑣).
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Contraction Algorithm

1. Randomly select edge 𝑒 = (𝑢, 𝑣).
2. Remove all edges between 𝑢 and 𝑣. 
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Contraction Algorithm

1. Randomly select edge 𝑒 = (𝑢, 𝑣).
2. Remove all edges between 𝑢 and 𝑣. Collapse 𝑢 and 𝑣 into a new 

node. 
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1. Randomly select edge 𝑒 = (𝑢, 𝑣).
2. Remove all edges between 𝑢 and 𝑣. Collapse 𝑢 and 𝑣 into a new 

node. Make all edges incident to 𝑢 and 𝑣 now incident to new node.
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Contraction Algorithm

1. Randomly select edge 𝑒 = (𝑢, 𝑣).
2. Remove all edges between 𝑢 and 𝑣. Collapse 𝑢 and 𝑣 into a new 

node. Make all edges incident to 𝑢 and 𝑣 now incident to new node.
3. Repeat until only two nodes exist.
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2. Remove all edges between 𝑢 and 𝑣. Collapse 𝑢 and 𝑣 into a new 

node. Make all edges incident to 𝑢 and 𝑣 now incident to new node.
3. Repeat until only two nodes exist.
4. Return number of edges between final two nodes.
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Find a series of contractions that 
do not yield an optimal solution:



Probability Failing Early

Suppose (𝐴, 𝐵) is a minimum cut of size 𝑘. Let 𝐹 be the set of edges 
between 𝐴 and 𝐵.
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Can the algorithm contract an edge in 𝐹, but still return (𝐴, 𝐵) as the cut? 
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Suppose (𝐴, 𝐵) is a minimum cut of size 𝑘. Let 𝐹 be the set of edges 
between 𝐴 and 𝐵.

Can the algorithm contract an edge in 𝐹, but still return (𝐴, 𝐵) as the cut? 
 No. If an edge in 𝐹 is contracted, its nodes will collapse into one 

super node, which kills every cut where they are separate.
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  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤ 𝒇 ( 𝒏 , 𝒋 )


  F


  j + 1


  Pr


  F


   𝑮 𝒋


  ( A , B )


  k


  F


  A


  B


  F


  j


  F


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤ 𝒇 ( 𝒏 , 𝒋 )


  F


  j + 1


  Pr


  F


   𝑮 𝒋


   𝑮 𝒋


  < 𝒌


  ( A , B )


  k


  F


  A


  B


  F


  j


  F


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤ f ( n , j )


  F


  j + 1


  Pr


  F


   𝑮 𝒋


  𝒏 − 𝒋


   𝑮 𝒋


  < 𝒌


  ( A , B )


  k


  F


  A


  B


  F


  j


  F


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤ f ( n , j )


  F


  j + 1


  Pr


  F


   𝑮 𝒋


  𝒏 − 𝒋


   𝑮 𝒋


  < 𝒌


   𝑮 𝒋


  < 𝒌


  ( A , B )


  k


  F


  A


  B


  F


  j


  F


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j )


  F


  j + 1


  Pr


  F


   𝑮 𝒋


  𝒏 − 𝒋


   𝑮 𝒋


  < 𝒌


   𝑮 𝒋


  < 𝒌


  ( A , B )


  k


  F


  A


  B


  F


  j


  F


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j ) =  2  n − j


  F


  j + 1


  Pr


  F


   𝑮 𝒋


  𝒏 − 𝒋


   𝑮 𝒋


  < 𝒌


   𝑮 𝒋


  < 𝒌


  ( A , B )


  k


  F


  A


  B


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j ) =  2  n − j


  F


  j + 1


  Pr


  F


  ( A , B )


  k


  F


  A


  B


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j ) =  2  n − j


  F


  j + 1


  Pr


  F


   𝜀 j =


  F


  j


  ( A , B )


  k


  F


  A


  B


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j ) =  2  n − j


  F


  j + 1


  Pr


  F


   𝜀 j =


  F


  j


  F


  Pr


  Pr  [   𝜀 1 ] = 1 −


  ( A , B )


  k


  F


  A


  B


  =   | F |  | E | =  k  | E | ≤  k   1 2 k n =  2 n


  F


  Pr


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j ) =  2  n − j


  F


  j + 1


  Pr


  F


   𝜀 j =


  F


  j


  ≥ 1 −  2 n


  F


  Pr


  Pr  [   𝜀 1 ] = 1 −


  ( A , B )


  k


  F


  A


  B


  =   | F |  |  E j | =  k  |  E j | ≤  k   1 2 k ( n − j ) =  2  n − j


  F


  j + 1


  Pr


  F


   𝜀 j =


  F


  j


  ≥ 1 −  2 n


  F


  Pr


  Pr  [   𝜀 1 ] = 1 −


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


  ≥ 1 −  2 n


  F


  Pr


  Pr  [   𝜀 1 ] = 1 −


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  ≥  (  1 −  2 n )  (  1 −  2  n − 1 ) ∙ ∙ ∙  (  1 −  2 3 )


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  ≥  (  1 −  2 n )  (  1 −  2  n − 1 ) ∙ ∙ ∙  (  1 −  2 3 )


  =  (    n − 2 n )  (    n − 3  n − 1 )  (    n − 4  n − 2 )  (    n − 5  n − 3 )  (    n − 6  n − 4 ) …  (   2 4 )  (   1 3 )


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  ≥  (  1 −  2 n )  (  1 −  2  n − 1 ) ∙ ∙ ∙  (  1 −  2 3 )


  =  (    n − 2 n )  (    n − 3  n − 1 )  (    n − 4  n − 2 )  (    n − 5  n − 3 )  (    n − 6  n − 4 ) …  (   2 4 )  (   1 3 )


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  ≥  (  1 −  2 n )  (  1 −  2  n − 1 ) ∙ ∙ ∙  (  1 −  2 3 )


  =  (    n − 2 n )  (    n − 3  n − 1 )  (    n − 4  n − 2 )  (    n − 5  n − 3 )  (    n − 6  n − 4 ) …  (   2 4 )  (   1 3 )


  =  2  n ( n − 1 )


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  ≥  (  1 −  2 n )  (  1 −  2  n − 1 ) ∙ ∙ ∙  (  1 −  2 3 )


  =  (    n − 2 n )  (    n − 3  n − 1 )  (    n − 4  n − 2 )  (    n − 5  n − 3 )  (    n − 6  n − 4 ) …  (   2 4 )  (   1 3 )


  =  2  n ( n − 1 )


  n


  Pr ⁡


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j


  ( A , B )


  k


  F


  A


  B


   𝜀 j =


  F


  j


    Pr ⁡   [   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 2 ] =   Pr ⁡   [   𝜀 1 ] ∙   Pr ⁡   [   𝜀 2 |   𝜀 1 ] ∙ ∙ ∙ Pr ⁡  [   𝜀  n − 2 |   𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀  n − 3 ]


  ≥  (  1 −  2 n )  (  1 −  2  n − 1 ) ∙ ∙ ∙  (  1 −  2 3 )


  =  (    n − 2 n )  (    n − 3  n − 1 )  (    n − 4  n − 2 )  (    n − 5  n − 3 )  (    n − 6  n − 4 ) …  (   2 4 )  (   1 3 )


  =  2  n ( n − 1 )


  n


  Pr ⁡


  Pr  [   𝜀 1 ] ≥ 1 −  2 n


  Pr  [   𝜀  j + 1 |  𝜀 1 ∩  𝜀 2 ∩ … ∩  𝜀 j ] ≥ 1 −  2  n − j

